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Abstract: 

In this paper, we investigated multifractal cross-correlations qualitatively and 

quantitatively using cross-correlation test and Multifractal detrended cross-correlations 

analysis method (MF-DCCA) for markets in the MENA area. We use cross-correlations 

coefficients to measure the level of this correlation. The analysis concerns four stock market 

indices of Morocco, Tunisia, Egypt and Jordan. The countries chosen are signatory of the 

Agadir agreement concerning the establishment of a free trade area comprising Arab 

Mediterranean countries. We computed bivariate generalized Hurst exponent, Rényi exponent 

and spectrum of singularity for each pair of indices to measure quantitatively cross-

correlations. By analyzing results, we found existence of multifractal cross-correlations 

between all of these markets. We compared spectrum width of these indices, we also found 

which pair of indices has a strong multifractal cross-correlation.  
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1. Introduction 

Nowadays, studying correlations between financial markets have a great interest. These 

lasts have dynamical fluctuations that make prices unpredictable. This is due to many 

complex factors as nonlinear interactions among heterogeneous agents and also complex 

events occurring in external environment. The properties observed in financial markets are 

assimilated to dynamics and turbulent eatures existing in physical mechanics [1],[2]. 

Fluctuations are then characterized by multiscaling properties and multifractal behavior. 

Multifractality is one of important concepts introduced in dynamical complex system of many 

fields as fluid, earthquakes, biology and finance. It is generally admitted that there are two 

principal sources of multifractality for time series. The first one is the long-range temporal 

correlations [3],[4],[5],[6] and the second one is the fat-tail distribution [7]. One other 

important thing in multifractality is to convert the clock time to the trading time by exploring 

different moment of  . As Mandelbrot said: “Time does not run in a straight line, like the 

markings on a wooden ruler. It stretches and shrinks, as if the ruler were made of balloon 

rubber. This is true in daily life: We perk up during high drama, nod off when bored. Markets 

do the same.” [8]. So, multifractality is the combination of three elements: memory effect, 

discontinuity effect and the concept of trading time. 

It has been proven for many markets that are multifractals 

[9],[10],[11],[12],[13],[14],[15],[16],[17],[18],[19],[20],[21],[22],[23],[24],[25],[26],[27],[28]

, but it is also important to study the cross-correlations between markets. Cross-correlation 

seems to be ubiquitously present in many systems as physiology, genomics [29] and in 

meteorological data [30]. Long-range cross-correlations also were studied to see degree of 

cross-correlation and its dependence on the scaling exponents [31]. 

As previously noted, Multifractality is far from being fully exploited, for this reason, 

many researches has aroused to explore the correlation features. Then, the study of 

multifractal cross-correlation has a crucial importance since we could explore and understand 

more relation between markets and between price and volume as it is suggested in some 

works. One recent method that is used is multifractal detrended cross-correlations (MF-

DCCA) that were proposed by Zhou [32]. There is a class of MF-DCCA algorithms that has 

been developed [33], [34]. We choose in this paper MF-X-DFA that is based on DFA method. 

It is a combination of MF-DFA [35] and DCCA [36]. MF-DCCA has been used in several 

papers, [37] used it to investigate cross correlations among the stock markets of China, Japan, 

South Korea and Hong Kong. Podobnik & al.[38] analyzed cross-correlation between volume 
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change and price change of several worldwide financial indices. Wang et al. [39] investigated 

cross-correlation between price returns and trading volumes for the CSI index futures. Cao et 

al. [40] studied cross-correlations between the Chinese exchange and stock market. He & 

Chen [41] studied nonlinear dependency and multifractality between trading volume and 

market price, they found a power-law cross-correlation. Mu & al. [42] investigated temporal 

correlations and multifractal nature of trading volume in the Shenzen Stock Exchange. 

Shadkhoo & Jafari [43] used MF-DCCA to investigate cross-correlation of the inter-events of 

spatial and temporal seismic data series, which point out the possible use of the method to 

other areas like geophysics, physiology and genomics series. 

In this paper, we choose four markets of MENA area that are Morocco, Egypt, Jordan 

and Tunisia to study multifractal cross-correlations. The countries chosen are signatory of the 

Agadir agreement concerning the establishment of a free trade area comprising Arab 

Mediterranean countries. El Alaoui & Benbachir [44] show spillover effect among some of 

these MENA markets using copulas. This paper is the first work that analyzes cross-

correlations qualitatively and quantitatively in MENA area.  

This paper is organized as follows. In Section 2, we give a brief description of the data 

investigated in the current study. Section 3 introduces in detail the MF-DCCA method. In 

section 4, we use cross-correlations test and MF-DCCA to analyze qualitatively and 

quantitatively the cross-correlations for MENA markets. In section 5, we conclude. 

2. Data 

We designate by    the closing price of the index on day  . In the present paper, the 

method applied to the natural logarithmic returns of the index is defined by: 

      
    

  
                                                                  (1) 

We have then 2837 logarithmic daily returns for AMX, EGX, MASI and TUNINDEX 

indices from January, 1
st
 2000. The data are taken from official website of each stock market 

(Amman Stock Exchange
*
, Egyptian Exchange

†
, Casablanca Stock Exchange

‡
 and Tunis 

Stock Exchange
§
). 

                                                           
*
 http://www.ase.com.jo/ 

†
 http://www.egx.com.eg/ 

‡
 http://www.casablanca-bourse.com/ 

§
 http://www.bvmt.com.tn/ 
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The trading days for CSE and BMVT start from Monday to Friday, and for EGX and 

ASE they start from Sunday to Thursday. The daily session is closed at 3:40 p.m. (GMT) in 

CSE, 2:00 p.m. (GMT+1) in BMVT, 2:30 p.m. (GMT+2) in EGX and 1:00 p.m. (GMT+2) in 

ASE. As we can see, the time difference among these four markets is not very important. 

Time-zone delays may influence the structure of cross-correlations among markets [45]. 

In Table 1, we present some statistics about these series. Series show a Skewness that is 

negative and different from zero and a Skewness that exceeds 3. The Jarque-Bera test shows 

that all these time series are not Gaussian. 

Table 1 : Statistics of the series 

Series Mean Median Maximum Minimum Std. Dev. Skewness Kurtosis Jarque-

Bera 

Probability 

AMX 0.000259 0.000490 0.046857 -0.045255 0.010022 -0.310291 6.167187 1231.281 0.000000 

EGX 0.000521 0.001165 0.183770 -0.247880 0.018713 -1.128568 21.64546 41697.74 0.000000 

TUNINDEX 0.000441 0.000297 0.041086 -0.050037 0.005686 -0.346192 13.58277 13295.41 0.000000 

MASI 0.000320 0.000251 0.045547 -0.050167 0.008368 -0.203317 8.223445 3244.787 0.000000 

 

Using Augmented Dickey-Fuller test statistic [46], we found that all series are 

stationary. Table 2 shows values of the test. 

Table 2 : Augmented Dickey-Fuller test statistic of the series 

 AMX EGX MASI TUNINDEX 

 t-Statistic Prob.* t-Statistic Prob.* t-Statistic Prob.* t-Statistic Prob.* 

Augmented Dickey-

Fuller test statistic  

-36.18788 0.0000 -45.72147 0.0001 -32.63682 0.0000 -38.78973 0.0000 

Test critical values:         

1% level -3.961279  -2.565778  -2.565778  -3.432465  

5% level -3.411392  -1.940936  -1.940936  -2.862360  

10% level -3.127546  -1.616624  -1.616624  -2.567251  

*MacKinnon (1996) one-sided p-values. 

 
 

3. Theoretical background 

Multifractal Detrended Cross-Correlation Analysis (MF-DCCA) method was proposed 

by Zhou [32]. Next, we present MF-X-DFA algorithm that is an MF-DCCA method based on 

DFA. There is a class of MF-DCCA algorithms that has been developed such as MF-X-DMA 

[33] and MF-HXA [34]. 

The MF-X-DFA algorithm consists of many steps. Let      and      be  

time series of length N representing logarithmic returns. We suppose that these time series are 

of compact support, i.e.       ,         for an insignificant fraction of values only. When 

         , MF-X-DFA reduces to MF-DFA algorithm. 
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Step 1 : we determine the accumulated profile      and      of the time series      and      

for          

                
    ,                                 

                                      (2) 

where    and    denote respectively the mean of the time series      and     . We can easily 

verify that        and       . 

When  

Step 2 : For a given time scale s, we divide the profiles      and      into             

non-overlapping segments of equal length s, where         denotes the function which gives 

the integer part of a real number. Since in general   is not often a multiple of s, a short part of 

the end of the profile may be disregarded. In order to incorporate this ignored part of the 

series, we repeat the same procedure starting from the end of the profile. We obtain thus     

segments. 

Step 3: The aim of this step is first to estimate for each of the     segments a local trend by 

fitting a polynomial to the data. We then calculate the variances by two formulas depending 

on the segment  : 

- for each segment          : 

           
 

 
                

      
                   

                    (3) 

- for each segment              : 

        
 

 
                   

       
                     

              (4) 

where   
     is the  -th order fitting polynomial in the segment  . We can use linear DCCA1, 

quadratic DCCA2, cubic DCCA3 or higher order polynomials DCCAn for    .  

When the local detrending function is the moving averages [47][48], the algorithm 

returns to MF-X-DMA [34]. 

Step 4 : By averaging the variances over all segments we obtain the  -th order fluctuation 

function: 

- for    : 

            
 

   
          

 
  

   
    

 
  
                                      (5) 

- for    : 
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                                         (6) 

The aim of the MF-DCCA procedure is principally to determine the behavior of the  -

dependent fluctuation functions        with regard to the time scale s, for various values of  . 

When    , it corresponds to the standard DCCA procedure. Hence, steps 2 till 4 must be 

repeated for different values of time scales   leading us to a final step. 

Step 5 : we analyze the multi-scaling behavior of the fluctuation functions       by estimating 

the slope of  log-log plots of       vs.   for different values of  . If the analyzed times series 

     and      present a long-range power law correlation as fractal proprieties, the fluctuation 

function       will behave, for large sufficiently values of s, as the following power-law 

scaling 

                                                                         (7) 

In order to estimate the values of        for various values of   (we chose 54 value
**

 

of   from     to   ), we regress the time series        on the time series      . 

Generally the exponent        is a function depending on the variable  . If we are in 

presence of stationary time series we obtain only the exponent        which is identically 

equal to the standard Hurst exponent H. When the bivariate scaling exponent           , 

we say that cross-correlations between   and    are long-range persistent. If           , 

then we say that cross-correlations between   and   are anti-persistent. If           , we 

say that there is no cross-correlations between the two times series. 

Therefore, the exponent        generalize the Hurst exponent H and is commonly 

called the generalized Hurst exponent. To distinguish between monofractal and multifractal 

time series, we can say that if           (constant) for all values of q then the time series 

under study is monofractal, otherwise        is a monotonously decreasing function of   and 

the corresponding time series is multifractal.  From equations (4) and (5) we can infer that for 

positive values of    the averaging fluctuation function       is dominated by the segments   

holding large variances        . Thus, for positive values of  , the generalized Hurst 

exponents         describe the scaling properties of large fluctuations. On the contrary, for 

negative values of  , exponents        describe the scaling properties of small fluctuations. 

                                                           
**

 q=[-30:5:-1,  -2.1:0.1:-0.1, 0.1:0.1:2.1, 5:5:30] 
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It is well known that the generalized Hurst exponent        defined by the MF-X-DFA 

method is directly related to the multifractal scaling exponent        commonly known as the 

Rényi exponent, 

                                                                         (8) 

In the standard multifractal formalism, multifractal scaling exponent        is usually 

defined through the partition function. Using the standard box counting formalism, 

Kantelhardt and al. [35] give a proof of equation (8). 

It is clear that the monofractal time series are characterized by a linear form for the 

Rényi exponent: 

                                                                      (9) 

where     is the Hurst exponent. 

Another interesting way to characterize the multifractality of time series is to use the so 

called Hölder spectrum or singularity spectrum        of the Hölder exponent    . It is well-

known that the singularity spectrum        is related to the Rényi exponent        by the 

Legendre transform: 

      
         and                                                                 (10) 

The Hölder exponent     characterizes the strength of the singularity and the 

singularity spectrum        represents the Hausdorff dimension of the fractal subset with the 

exponent    .  The richness of multifractality can be determined by the spectrum width 

            
      

. Thus, the wider is the spectrum, the richer is the multifractality 

behavior of the analyzed time series. 

We can easily deduce from equation (8) the relation between the generalized Hurst 

exponent        and the singularity spectrum       : 

               
        and                                                       (11) 
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4. Empirical Results 

4.1.Cross-correlation test 

One new test can be used to quantify qualitatively the cross-correlation between 

markets of MENA area by calculating the cross-correlations test proposed by Podobnik et al. 

[49]. The cross-correlation function is defined as, 

   
   

 
         

    
  

      
  

   

                                                                      (12) 

   and    are two time series with the same length  . 

Then, the cross-correlations statistic is presented as follows, 

          
  

 

   

 
                                                                   (13) 

which is approximately       distributed with   degrees of freedom. There is no 

cross-correlation when the cross-correlations test agrees well with       distribution. And 

when the test exceeds the critical values, it means that there is a significant cross-correlation 

according to a specific significance level. We plot in Fig. 1 cross-correlations test values of 

the six pairs (AMX and EGX, AMX and MASI, AMX and TUNINDEX, MASI and EGX, 

MASI and TUNINDEX, TUNINDEX and EGX) and also critical value of       distribution 

at the 5% level of significance for the degrees of freedom varying from   to    . 
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Figure 1 : Cross-correlation statistic for bivariates indices of AMX, EGX, MASI and TUNINDEX 

The Q-statistic        shows values that are large or close to critical values of       

which suggests the presence of long-range cross-correlations. To confirm this, we use next 

MF-DCCA to measure cross-correlations quantitatively. 

4.2. MF-DCCA 

In order to measure cross-correlations quantitatively, we use MF-X-DFA algorithm, 

which is an MF-DCCA method, to analyze cross-correlations for each pair of indices (AMX 

and EGX, AMX and MASI, AMX and TUNINDEX, MASI and EGX, MASI and 

TUNINDEX, TUNINDEX and EGX).  

 

 

Figure 2 : Fluctuation functions for each bivariate case of AMX, EGX, MASI & TUNINDEX 

Fig. 2 shows a long-range power law correlated for all time series and       increases 

for large values of  , as a power law. 

Using MF-X-DFA algorithm, we calculate the generalized Hurst exponent, then we 

deduce the Rényi exponent and singularity spectrum. We present in Fig. 3 the plotting of 

       of each pair of indices. We observe that there are long-range cross-correlations for 

large negative fluctuations and short-range cross-correlations for large positive fluctuations 

for all indices. For the case of       , it shows values that are close to    , which means that 

there is a persistent cross-correlation in the long term for all indices.  
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Figure 3 : Generalized Hurst Exponent for different values of q for each bivariate case of AMX, EGX, MASI & 

TUNINDEX 

In Fig. 4, Rényi exponent presents a nonlinear curve, which confirms the existence of 

multifractal cross-correlations among each pair of indices. 

 

Figure 4 : Rényi exponent for different values of q for each bivariate case of AMX, EGX, MASI & TUNINDEX 
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To explore more the multifractal cross-correlations features, we present in Fig.5 

spectrum of singularity to deduce easily which bivariate series that exposes a rich multifractal 

cross-correlations.  

 

Figure 5 : Spectrum singularity for bivariates series of AMX, EGX, MASI & TUNINDEX 

 

Table 3 : Values     ,      and     

                        

AMX and EGX 0.7992  0.4 0.3992  

AMX and MASI 0.8638 0.4059 0.4579  

AMX and 

TUNINDEX 

0.8075 0.3821 0.4254  

MASI and EGX 0.7907 0.3981 0.3926 

MASI and 

TUNINDEX 

0.8507 0.4013 0.4493 

TUNINDEX and 

EGX 

0.7927 0.4321 0.3606 

As we see in Table 3, values of spectrum width    are all close to    , what is show 

that multifractal cross-correlations is important in these markets. Multifractal cross-

correlation is slightly more important between AMX and MASI and between MASI and 

TUNINDEX. 
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4.3.  Cross-correlations coefficient 

4.3.1. Pearson’s correlation coefficient 

We compute linear correlation coefficient between each pair of series since these series. 

This measure captures only linear dependence. It is defined as, 

  
        

              
                                                                     (14) 

Table 4 : Pearson’s correlation coefficient of each pair of series 

R(i,j) AMX EGX MASI TUNINDEX 

AMX 1 0,047147839 -0,026333993 -0,009270085 

EGX 0,047147839 1 0,017390525 0,000045529 

MASI -0,026333993 0,017390525 1 -0,009074531 

TUNINDEX -0,009270085 0,000045529 -0,009074531 1 

 

Table 5 : P-values for Pearson’s correlation coefficient 

P(i,j) AMX EGX MASI TUNINDEX 

AMX 1 0,012020269 0,160835961 0,621623919 

EGX 0,012020269 1 0,354476152 0,998065940 

MASI 0,160835961 0,354476152 1 0,628997631 

TUNINDEX 0,621623919 0,998065940 0,628997631 1 

 

If P(i,j) is small (less than 0.05), then the correlation R(i,j) is significant. So, correlation 

between AMX and EGX is the only case where the correlation is significant but it is very 

weak and close to zero. For all the other cases, correlation is close to zero and not significant 

according to the p-values. 

4.3.2. DCCA cross-correlations coefficient 

In this section, we experiment DCCA cross-correlations coefficient to quantify level of cross-

correlations. It is defined as the ratio between the detrended covariance and two detrended 

     
  of Eq. (5) and the detrended variance function     [50] [51] 

      
     

 

          
                                                                  (15) 

We note that       ranges between           . When        , it means that there is 

no cross-correlation, when      =1, we say that there is a perfect cross-correlation and when 

        , that means the existence of perfect anti cross-correlation. So, DCCA cross-

correlation coefficient gives us a quantification of level of cross-correlation. 
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Figure 6 : DCCA cross-correlation coefficient for each bivariate case of AMX, EGX, MASI & TUNINDEX 

We observe that DCCA cross-correlations coefficient is very close to zero for (AMX, 

TUNINDEX), (MASI, TUNINDEX) and (AMX, MASI). But for the other pairs of series 

((AMX, EGX), (MASI, EGX) and (TUNINDEX, EGX)), we note a more important positive 

cross-correlation coefficient that exceeds 0.15 when       and achieves      for 

(TUNINDEX, EGX) when      . Moreover, we note a decrease of       when      .  

We also see that Egyptian stock exchange has an influence in the other markets in the 

MENA area because the cross-correlations coefficient is relatively important to what is 

observed in (AMX, TUNINDEX), (MASI, TUNINDEX) and (AMX, MASI). 

5. Conclusion 

By investigating multifractal cross-correlations of MENA markets using cross-

correlations test and MF-X-DFA, we found the existence of multifractal cross-correlations 

among the MENA markets studied in this paper. Level of correlations is not so important, 

Egyptian market has a significant cross-correlation influence when it is combined with each 

of other three MENA markets. The level of cross-correlation would be more important if 

these markets were developed enough, as having derivatives market or authorizing short 

selling. Moreover, foreign access to the market was liberalized only in the last decade.  

These results confirm that these markets are cross-correlated, inefficient and they 

exhibit a complex features. The presence of multifractal cross-correlations justifies the use of 
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dynamical methods to manage international portfolios in order to have a better understanding 

of risks and to ensure a best optimization. 

Roughly speaking, MENA financial markets have dynamical and turbulent features and 

Efficiency Market Hypothesis is not adapted to analyze these markets. We expect in further 

study to analyze other micro-structure factors in markets that could explain this dynamical 

fluctuations to contribute for a development of trading decision making. 
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