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Abstract—In this paper, the design problem of simultaneous
estimation of unmeasurable states and unknown inputs (UIs) is
investigated for a class of discrete-time Takagi-Sugeno descriptor
models (DTSDMs) with measurable premise variables. The UIs
affect both state and output of the system. The approach is based
on the separation between dynamic and static relations in the
considered DTSDM. First, the method permitting to separate
dynamic equations from static equations is exposed. Next, an
augmented fuzzy explicit model which contains the dynamic
equations and the UIs is constructed. Then a fuzzy unknown
inputs observer (FUIO) design in explicit structure is developed.
The exponential convergence of the state estimation error is
studied by using the Lyapunov theory and the stability conditions
are given in terms of linear matrix inequalities (LMIs). Finally,
an illustrative example is given to show the good performances
of the proposed method.

Keywords: Discrete-time Takagi-Sugeno descriptor model,
unknown inputs, fuzzy unknown inputs observer, LMI.

In this paper, some notations used are fair standard.
For example, X > 0 means the matrix X is symmetric and
positive definite. XT denotes the transpose of X .
The symbol I (or 0) represents the identity matrix (or zero
matrix) with appropriate dimension.

q∑
i,j=1

µiµj =

q∑
i=1

q∑
j=1

µiµj ,
(
X ∗
Z Y

)
=

(
X ZT

Z Y

)
.

I. INTRODUCTION AND PROBLEM STATEMENT

Descriptor dynamic models, known as a generalization of
standard dynamic models, constitute a powerful modeling
tool allowing to describe the dynamic behavior of processes
governed by both dynamic and static equations. They represent
physical phenomenas that can not be described by standard
models, see [1], [2], [3] for some real applications of descriptor
models. Moreover, the ordinary T-S fuzzy model [4], [5]
has been successfully developed to study nonlinear control
systems, see e.g. [6], [7] and the references therein. In [8],
[9], a fuzzy descriptor system is defined by extending the T-
S fuzzy model [4]. Notice that, UIs can result either from
uncertainty in the model or from the presence of unknown
external excitation. Thus, due to the increasing demand for
reliability and maintenability of the automatic control process,

unknown inputs observer design is widely used in the area of
fault detection and design of fault tolerant control strategy.
This is one of the most attractive research areas in both
theoretical and practical fields during these last two decades,
see e.g. [10], [11], [12] for works using different approaches.
In this paper, the following class of DTSDMs subject to UIs
which affect both state and output of the system is considered:

MZk+1 =

q∑
i=1

µi(ηk)(AiZk +Biuk + Cidk)

yk =

q∑
i=1

µi(ηk)(DiZk + Eiuk + Fidk)

(1)

where ZT
k = [Z1

k
T
Z2
k
T

] ∈ Rn is the state vector with Z1
k ∈

Rn1 is the vector of difference variables, Z2
k ∈ Rn2 is the

vector of algebraic variables with n1+n2 = n, uk ∈ Rm is the
control input, dk ∈ Rr is the unknown control input, yk ∈ Rp

is the measured output. Ai ∈ Rn×n, Bi ∈ Rn×m, Ci ∈
Rn×r, Di ∈ Rp×n, Ei ∈ Rp×m, Fi ∈ Rp×r, M ∈ Rn×n

such that rank(M) = n1 are real known constant matrices
with:

M =

(
I 0
0 0

)
; Ai =

(
A11i A12i

A21i A22i

)
(2)

Bi =

(
B1i

B2i

)
;Ci =

(
C1i

C2i

)
;Di =

(
D1i D2i

)
(3)

where constant matrices A22i are supposed invertible. q is
the number of sub-models. ηk is the premise variable which
is supposed here to be real-time accessible and the µi(ηk)
(i = 1, . . . , q) are the weighting functions that ensure the
transition between the contribution of each sub model:{

MZk+1 = AiZk +Biuk + Cidk
yk = DiZk + Eiuk + Fidk

(4)

They verify the so-called convex sum properties:
q∑

i=1

µi(ηk) = 1

0 ≤ µi(ηk) ≤ 1 i = 1, . . . , q

(5)
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The aim of the paper consists in investigating the problem
of FUIO design for the class of systems (1). Notice that,
this problem design for T-S explicit or descriptor systems
has received considerable attention and is still an active
area of research in both continuous-time and discrete-time
cases. Indeed, for T-S fuzzy systems described by ordinary
dynamic equations subject to UIs, various developments on
fuzzy observer and its application to fault detection exist in
the literature, see for instance [13], [14], [15], [16], [17] for
continuous-time systems and [18], [19], [20], [21] for discrete-
time systems. Likewise, for T-S fuzzy descriptor systems
subject to UIs several works are discussed in the literature
see e.g. [22], [23], [24], [25], [26], [27], [28]. It should be
noted that, generally, an interesting way to solve the various
FUIO raised previously is to write the convergence conditions
on the LMI form [29].
Before giving the main result, let us make the following
assumption [1], [24]:

Assumption 1: : Suppose that:

• (M, Ai) is regular, i.e. det(zM −Ai) 6= 0 ∀z ∈ C
• All sub-models (4) are impulse observable and detectable.

In order to investigate the FUIO design for system (1), we
proceed as mentioned above to the separation of the dynamic
equations from static equations of the model (1). Indeed, from
(2)-(3), sub-model (4) can be rewritten as follows: Z1

k+1 = A11iZ
1
k +A12iZ

2
k +B1iuk + C1idk

0 = A21iZ
1
k +A22iZ

2
k +B2iuk + C2idk

yk = D1iZ
1
k +D2iZ

2
k + Eiuk + Fidk

(6)

Since A22i is inversible, it follows:

Z2
k = JiZ

1
k +Kiuk + Lidk (7)

where 
Ji = −A−1

22iA21i

Ki = −A−1
22iB2i

Li = −A−1
22iC2i

(8)

Thus, combining (6) and (7) we have: Z1
k+1 = MiZ

1
k +Niuk + Pidk

Z2
k = JiZ

1
k +Kiuk + Lidk

yk = RiZ
1
k + Siuk + Tidk

(9)

where 

Mi = A11i +A12iJi
Ni = B1i +A12iKi

Pi = C1i +A12iLi

Ri = D1i +D2iJi
Si = Ei +D2iKi

Ti = Fi +D2iLi

(10)

So, by aggregation of the resulting sub-models (9), the fol-
lowing global fuzzy model is obtained:

Z1
k+1 =

q∑
i=1

µi(ηk)(MiZ
1
k +Niuk + Pidk)

Z2
k =

q∑
i=1

µi(ηk)(JiZ
1
k +Kiuk + Lidk)

yk =

q∑
i=1

µi(ηk)(RiZ
1
k + Siuk + Tidk)

(11)

Assumption 2: : Suppose that dk is considered as a constant
unknown control input per time interval i.e.:

dk+1 = dk k ∈ [T1 T2], ∀ T1, T2 ∈ R+ (12)

Let us define the augmented state vector ξ1k = [Z1
k
T
dTk ]T and

ξ2k = Z2
k . Thus, the system (11) can be represented as:

ξ1k+1 =

q∑
i=1

µi(ηk)(M̃iξ
1
k + Ñiuk)

ξ2k =

q∑
i=1

µi(ηk)(J̃iξ
1
k +Kiuk)

yk =

q∑
i=1

µi(ηk)(R̃iξ
1
k + Siuk)

(13)

where 

M̃i = =

(
Mi Pi

0 I

)
Ñi = =

(
Ni

0

)
J̃i = =

(
Ji Li

)
R̃i = =

(
Ri Ti

)
(14)

The rest of the paper is structured as follows. The main result
about FUIO design permitting to estimate simultaneously un-
measurable states and UIs for the considered class of systems
(1) is stated in Section 2. The observer gains are found directly
from LMI formulation. In Section 3, a numerical example to
show the good performance of the proposed technique is given.
Finally, a conclusion is given in section 4.

II. STATE AND UNKNOWN INPUTS ESTIMATION

Systems (1) and (13) are equivalent. For the design of
the fuzzy observer permitting to estimate simultaneously the
unmeasurable states and UIs, we will use the second structure.
So, the proposed FUIO takes the following form:

ξ̂1k+1 =

q∑
i=1

µi(ηk)(M̃iξ̂
1
k + Ñiuk −Gi(ŷk − yk))

ξ̂2k =

q∑
i=1

µi(ηk)(J̃iξ̂
1
k +Kiuk)

ŷk =

q∑
i=1

µi(ηk)(R̃iξ̂
1
k + Siuk)

(15)

where (ξ̂1k, ξ̂2k) and ŷk denote the estimated augmented
state vector and the output vector respectively. The activation



functions µi(ηk) are the same than those used in the T-S
model (13). Gi, i = 1, . . . , q are the gains of FUIO which
are determined such that (ξ̂1k, ξ̂

2
k) asymptotically converges to

(ξ1k, ξ
2
k).

In order to establish the conditions for the asymptotic con-
vergence of the observer (15), we define the state estimation
error:

εk =

(
ε1k
ε2k

)
=

(
ξ̂1k − ξ1k
ξ̂2k − ξ2k

)
(16)

It follows from (13) and (15) that the estimated error equation
can be written as:

ε1k+1 =

q∑
i,j=1

µi(ηk)µj(ηk)Ωijε
1
k

ε2k =

q∑
i=1

µi(ηk)Qiε
1
k

(17)

where

Ωij = M̃i −GiR̃j (18)

To prove the convergence of the estimation error εk toward
zero, it suffices to prove from (17), that ε1k converges toward
zero. The main result is stated in the following Theorem.

Theorem 1: : There exists an FUIO (15) for DTSDM (1) if
given 0 < α < 1 there exist matrices Q > 0, Wi, i = 1, . . . , q
verifying the following LMIs:(

−α2Q ∗
QM̃i −WiR̃j −Q

)
< 0 ∀ i, j ∈ {1, . . . , q} (19)

The fuzzy local observer gains Gi, i = 1, . . . , q are given by:

Gi = Q−1Wi (20)

Proof of Theorem 1 : Let us consider the following quadratic
Lyapunov function as follows:

Vk = (ε1k)TQε1k , Q > 0 (21)

Estimation error convergence is exponentially ensured if the
following condition is guaranteed ([30] as cited in [6]):

Vk+1 − Vk = (ε1k+1)TQε1k+1 − (ε1k)TQε1k
< (α2 − 1)Vk

(22)

with 0 < α < 1.
By using (17), the condition (22) can be written as:

Vk+1 − Vk =

q∑
i,j=1

µi(η)µj(η)(ε1k)T (ΩT
ijQΩij −Q)ε1k

< (α2 − 1)Vk

(23)

which is equivalent to the following stability conditions:

ΩT
ijQΩij − α2Q < 0 i, j = 1, . . . , q (24)

Letting Wi = QGi, from (18) it follows that (24) is equiv-
alent to (19) by using the Schur complement [29]. From
the Lypunov stability theory, if the LMI conditions (19) are
satisfied, the error dynamic equation (17) is exponentially
asymptotically stable.

III. NUMERICAL ILLUSTRATION

In order to show the performance of the proposed method
of FUIO design, the following DTSDM is considered: MZk+1 =

2∑
i=1

µi(ηk)(AiZk +Buk + Cdk)

y = DZ

(25)

where Zk = (z1k, z2k, z3k, z4k)
T ∈ R4, uk ∈ R, dk ∈ R

and yk ∈ R are the state vector, known input, UI and output,
respectively. The matrices numerical values are:

A1 =


1 0.0100 0 0

−0.0250 0.9925 0 0.0003
0 0.0100 −0.0040 0

−0.0250 −0.0075 0 0.0008



A2 =


1 0.0100 0 0

−0.0270 0.9925 0 0.0003
0 0.0100 −0.0040 0

−0.0270 −0.0075 0 0.0008



M =


1 0 0 0
0 1 0 0
0 0 0 0
0 0 0 0

 ; B =


0
0
0

−0.0013



C =


0

0.01
0
0

 ; D =
(

1 0 0 0
)

The weighting functions are:
µ1(ηk) = 1− 12.76 ∗ z21k and µ2(ηk) = 12.76 ∗ z21k.
Therefore to apply the proposed FUIO (18) for the model (38),
as stated in Theorem 1, it suffices to rewrite the model (25)
into its equivalent form (13) as mentioned above.
Thus, by Theorem 1 with α = 0.92 the following observer
gains G1 and G2 are obtained:

G1 =

 1.3621
29.2238
190.0753

 , G2 =

 1.3620
29.2208
190.0639


The expression of unknown input signal dk is defined as in
Figure 1 and the input signal uk is defined as:

uk =

{
2 0 ≤ k ≤ 2
0 otherwise

(26)

Simulation results with initial conditions:

ξ1k = [0.10 0.30 2.00]
T
, ξ2k = [0.75 3.03]

T

ξ̂1k = [0.10 0.45 4.00]
T
, ξ̂2k = [1.13 4.53]

T

are given in Figures 1 to 5. These simulation results show
the performances of the proposed FUIO (15) with the gains
G1, G2 where the dashed lines denote the state variables
and UI estimated by the FUIO. They show that the FUIO
gives a good estimation of unmeasurable states and UI of the
considered DTSDM.
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Fig. 1. Unknown input dk and its estimate
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Fig. 2. State variables x1k and its estimate

0 1 2 3 4 5 6

t(s)

-1.5

-1

-0.5

0

0.5

1

1.5

 x
2k

 : T-S

 x
2k

 : estimated

Fig. 3. State variables x2k and its estimate
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Fig. 4. State variables x3k and its estimate
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Fig. 5. State variables x4k and its estimate

IV. CONCLUSION

A novel method of fuzzy observer design for a class of
DTSIMs with measurable premise variables and subject to UIs
which affect both state and output of the model is presented
in this paper. The proposed result permitting to estimate
simultaneously the system state and the UIs is based on the
separation between dynamic and static equations in the con-
sidered fuzzy descriptor model and the use of an augmented
system structure formed by the dynamic equations and the
UIs. The exponential convergence of the state estimation error
is studied by using the Lyapunov theory and the existence of
the condition ensuring this convergence is expressed in term of
LMIs. To show the good performance of the proposed method,
a DTSDM subject to UI variable is proposed. The effectiveness
of the proposed FUIO design for the on-line simultaneous
estimation of unknown states and UI of the considered model
is illustrated by numerical simulation, since both state and UI
are well estimated.
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