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Abstract— this paper presents feedback linearization and
decoupling algorithm for control of a robot manipulator with six
degrees of freedom "EpsonC4" using PD controller fopurpose

II.  INPUT-OUTPUTFEEDBACKLINEARIZATION
METHOD FORMIMO SYSTEM

of tracking reference trajectory. the nonlinear muti-input Multi-
output MIMO system is transformed into six indepenaknt single-
input single-output SISO linear systemsAn extensive MATLAB

In this section we discuss the notion of Inputit
feedback linearization of nonlinear systeri$ie basic idea of
feedback linearization is to obtain a linear relatbetween

simulation program was developed and the obtainedesults in

different simulations show the efficiency of the poposed the output Y and a new input V.

approach. r o r-l
oarizati , byt - ] [
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. INTRODUCTION

In this paper we discuss the notion of feedbac|
linearization of nonlinear systems. The basic idefeedback
linearization is to build a nonlinear control law a so-called
inner loop control which, in the ideal case, exatitiearizes
the nonlinear system after a suitable state spaheage of
coordinates[2]. The designer can then design ansestage or
outer loop control in the new coordinates to sgtidfie
traditional control design specifications such aacking, &
disturbance rejection, and so forth.

In this case,we applied this technique to derivepatrol
law for each joint of a manipulator robot with siegrees of
freedom "EpsonC4" .which the dynamic equations fam
complex, nonlinear, and multivariable system. The basic condition for using exact lineariaatmethod is

Using matlab, we have applied the technique of tnpuonlinear dynamic MIMO ofn -order with p number of
Output feedback linearization of nonlinear systemith PD inputs and outputs described in the affine form;
linear controller for each individual decoupled teibed
subsystem to control the angular position,veloctyd a
accelration of each joint of this robot for tradgkipurposes.
The obtained results in different simulations shake
efficiency of the proposed approach.
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Fig. 1 Structure of feedback linearization corémolising exact linearization
method
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X® = F(X©) + ) g:(X©)U(0)
i=1

Yi() = h(X(®))
N i=12..p
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Where,
X =[xy, x5 ..x,]T € R™: is the state vector.

U = [ug,u, ...up]T € RP: is the control input vector.

Y = [y1,72 ...yp]T € RP: is the output vector,
f(X),and g;(X): are n-dimentional smooth vector fields.
h;(X): is smooth nonlinear functions,with i=1,2...n.

Definition1:

Letf: R" - R" be a smooth vector field " and let h R™ - R™ be a
scalar function. The Lie Derivative of h, with respto f, denoted.h, is
defined as,

P
oh oh
Lh=5f0) =) S A

The Lie derivative is simply the directiolnél detiva of h in the direction of
f(x), equivalently
the inner product of the gradient of h and\We denote b)szh the Lie
Derivative
of Lgh with respectto f:
Li°h = Ly (Leh)

In general we define

Li*h = Le(L/'h) fork = 1,...,p
with L;°h = h

Definition2:
The functiond: R™ - R™ defined in a region h@ c R" is called
difeomorphisme if it checks the following conditiobn

-A diffeomorphism is simply a differentiable fuontivhose inverse exists and

is also differentiable.

-We shall assume both the function and its inverde infinitely
differentiable. Such functions are customarily rnefd to asCoo
diffeomorphisms

The diffeomorphisrne is used to transform one meali system in another
nonlinear system by making a change of variablébeform:

z=®(x)
Whered(x) represents n variables
® (h Lok L )"
o, T
P(x) = | = ; S X = [, % w2y
o, (M Ly Ly hy |

The problem is to find a linear relation betweea ittput and
the output by deriving the Output until at least amput
appears using the expression:

p
¥, = LTy () + Z Ly, (LT Pk (0))y (2)
i=1

=12 .p
Where L;'h; and L,'h;:Are thei” Lie derivatives ofy; (x)
respectively in the direction of f and g.

oh; oh;
Lehj(x) =22 f (), Lghj(x) = 5--9:(x)

7j: is the relative degree corresponding toheutput, it's the
number of necessary derivatives so that at leasbbthe
inputs appear in the expression.

If expression Lyhj(x) = 0 ,for alli, then the inputs have not
appeared in the derivation and it's necessaryrntraothe
derivation of the outpug;.

The system (1) has the relative degree (r) iftisfas:

{ Ly, Lihj =0 n,0<j<n (3)

0<k<rj_1,0Si
k —
Lg,Ls“h; # 0 k=

Tj—1

The total relative degree (r) is defined as the sfiall the
relative degrees obtained using (2) and must lsethes or
equal to the order of the system:

n

r=erSn(4)

j=1
To find the expression of the nonlinear control ldwthat
allows to make the relationship linear betweenitipeit and
the output, the expression (2) is rewritten innrdbrm:

[ y®] = () + Q.U (5)
V= [vl U, ...vp]T = [ylr1 ...yprp] (6)
Where:
l[LfT1h1(x)]|

oc(x)=| ' |

, )
lLfTP h, (x)‘

[Lo, (Lf(rl_l)hl @) Ly, (Lf(rl_l)h1 (€9))
iL%(Lf“Z‘”hz(x)) Ly, (L Ry ()
Blx) = I ' :

Lg, (L™ Phy ()]
Loy (a0 i

ng1<Lf“p‘1>h,,<x)) Ly, (L 7P Phy, (x)) Lg,,<Lf<’v"”h,,(x))J
8)

If B (x) is not singular, then it is possible to defihe input

transformation the nonlinear control law "which has this

form:

U=Bx)1t(—x (x)+V)
V= [vl v, ...vp]T

€))

U= [u1 U, ...up]T
where V is the new input vector.
B(x):ls thepx p decoupling matrix of the system.
A. Non-linear coordinate transformation:

ri—1 T

Ith L¢h, L hy ]I

: N ; L
2] |o, l[hp thp Lfrp hp] J
By applying the linearizing law to the system,wa ca
transforme the nonlinear system into linear form;

Zq (ON

Zy (DZ

Z= (10)

{Z =Az+ BV (11)

Y=CZ

With,



A, 0 B, 0
A= - w |, B =] o |,C
0 A, 0 .. B,
Cr, 0
0 Cr,
And,
0 1 0
0 0 0 0
A == - -~ € RT*Ti; B =|:| € RTy;
1o o 1 Yl
0 0 .. 0
C,=[1 0 0] € R

B. Design of the new control vector V:
The vector v is designed according to the contlgéctives,
For the tracking problem Considered, it must sgtisf
v =yq;" + Ky, ()’djr"’l - )’jrj’l) +ot K ()’aj - yj) ;(12)
with1<j<p
Where the vectora{ydj,ydjz, ....,ydjrf—l,ydjri} Denote the

this, consider the rigid equations of motion (1%) gefine

state variables in state space as:

X1 = q1,X2 = q1,X3 = {2, X4 = {2, X5 = {3,X¢ = (3,

X7 = (4, Xg = q4,X9 = (5,%X10 = {5,X11 = 6, X12 = qe.

And derivation of states we obtain,

Xy =X

Xy =Gy = —ACe) THC (g, x2)x, + Q(xy) — T4
X3 = X4

Xy =G = —ACx3) T C (3, x9) x4 + Q(xx3) — I]
X5 = X

Xe = Gz = —A(xs) [C (x5, x6) X6 + Q(x5) — T3]
x.7 = Xg

Xg = o = —A(x;) T [C(xs, x8) x5 + Q(2x7) — T4l
X9 = X19

x19 = s = —A(xg) TH[C (xg, X10)X10 + Q(x9) — 5]

X11 = X12

x12 = o = —A(x11) 7 [C(x11, X12) %12 + Q(x11) — Tg)

Then ,the affine form of nonlinear model of thbaob

(16)

imposed reference trajectories for the differertpats. If the manipulator with six degrees of freedom "EPSON @i#én

K; are chosen so that the polynomial

s+ Ky, ST+ + Kps+ Ky =0 are chosen Hurwitz(has

roots with negative real parts). Then it can benshthat the

error e;(t) = Ya; () — y;(¢), satisfiedlim,_,, e;(t) = 0.

lll.  INPUT-OUTPUTFEEDBACKLINEARIZATION

METHOD APPLIEDTO A ROBOTMANIPULATOR
WITH SIX DEGREESOF FREEDOM.

We show that for a nonlinear and coupled systambe
transformed to a linear and coupled output systethis
section we will applicate the above algorithme tolasot
manipulator with six degrees of freedom "EPSON @d"
more mathematical details see [1].

In reality, the dynamic equations of a robot matdpr form

a complex, nonlinear, and multivariable system.usefirst

reformulate the manipulator dynamic Model in a fanare

suitable for the discussion to follow.

First, Let us return to the Euler-Lagrange equation ofiompt

we obtained the following equation.
r'=A4(q)4+C(q,q4)q+Q(q) (13)

Then, since the inertia matrix A is invertible fpe R™ we

may solve for the acceleratignof the manipulator as.

d=1(q4q0) (14)
d=—-A@'[C(q,d)q+Q(q) T (15)
With,
q = [¢1 92 93 94 q5 q¢]": The angular position vector [6 x 1];
G = [¢1 42 G3 44 G5 G¢]": The angular velocity vector [6x 1];
G = [y Gy G Ga Gs Ggl™: The angular acceleration vector [6x 1];
I'=[I I, I3 I, Iy I;]T: The input torques vector [6x 1];

For an n-link rigid manipulator the feedback liriesig
control is identical to the inverse dynamics cohffo see

by the following system:

(

p
X© = FR©) + ) a(X OO

i=1 17)
Yi(t) = h(X(®))
k i=12,..6
Where,
- Xy 0
—A()THC (g, %)%, + Q(x1)] AQx) ™t
X4 0
—Ax3) T C (3, X4) x4 + Q (23] A(xy)™t
X 0
_ -1 o
() = A(xs) [C(xirgxa)xa +Q(x5)] g(x) = A(Xé)
—A(x;) T [C(x7, xg)xg + Q(x)] A(x,)™"
X10 0
—A(x9) T [C (%9, X10) %10 + Q(Xo)] A(xg) ™t
X1z 0
[—A(x11) 7M€ Ceyy, X12) %12 + Q(x41)]] LACxyy) 7

And,

X = [x¢1, X2, X3, X4, X5, X6X7, X3, X9, X10, ¥11, ¥12]";

X= [xl' XZ' 5(3, 9.C4, xS' .9.663.(7, x8' 9.C9, J.CIO' xlli le]T;

U= [u1; U2, U3, Uy, Us, u6]T = [G' 1—‘2' 1—‘3' 1:}' ['5' ['6]T;
The transformed variables, y,, ... y, are themselves
physically meaningful. We see that:

X9 = X10 = (s
= e’

<.
ot

(Y1 =h(x)=x=qy
! Y2 = ha(x) = x3 = qy;

. L ¥3 = h3(x) = x5 = q3;

links positions 19

P Yo =hy(x) = %7 = qu; (19)

l}’s = hs(x) = %9 = gs;
Yo = hé.(x) = X11 = qe;
(G=hi=x=ds
| Y2 =%3 =24 =qp;

links velocities{ 3 B Xs = X6 = i (20)
L}’4—957—358—%

<.
o

(18)



V=% =Gy = vg;
Vo = X4 = (qp = Vy;
V3 = Xe = (3 = V3;

links accelerations (21)

Va = Xg = (4 = Vy;
Vs = X10 = {5 = VUs;
Y6 = X12 = 46 = Ve;

By using the nonlinear feedback and diffeomorphic
transformation given above,the six degrees of freed
"EPSON C4" nonlinear dynamic system (13) with sigicee
of freedom trajectory ouput is converted into fihléowing
Brunovesky canonical form and simultaneously output
decoupled .

Y=CZ
Where,
Z1 X1 Zy Xq Vi
z X . VA X v
z=|7=;z=| =2 ;v=]|"
Z12 X12 Zq1p X12 Ve
o 1
00 0 0
0 1 .
0 0 1
0 0 1
L . 0 0
0 0
c= 1 0
0 010

The above matrices A,B and C are of dimension gty :
12X 12,12 X 6 and 6 X 12.

We note that linear system () consists of six @=1,6)
independent subsystems of the following form;

Zi= [8 (1) zt [(1)] Vi (23)
Y, =[1 0]z
Where, z; = [ZZi_l]

Z3i

IV.  SIMULATION RESULTS:

The simulations are performed with a six-link maétor
having the parameters see [1].We present theladimo
results depicting the output position,velocity,decation, and
inpout transformation of each joint i=1...6,for tthesired
trajectories given by
s
Yq,(t) = sin (E t); )
J4,(8) = 0.6283 X cos (E;)" (25)
J4,() = —0.3948 X sin (gt); (26)

(24)

To stabilize the feedback linearized and outpubdpted
system ,we add a linear PD controller to each tiseasystem
these figures illustrate some of the simulatioruitss
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Fig. 2 Position ploy; (t)for the six Joint of the robot
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Fig. 3 2 Velocity ploty; (t) for the six Joint of the robot
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V. CONCLUSION

The design of this approach applied to a robot maator
with six degrees of fredom discussed in this atichs tow
major steps:

First,Convert the non linear dynamics model of the
"EPSON C4" robot into a feedback linearized and
simultaneously output decoupled system by usingatheve
nonlinear feedback and diffeomorphic transformation

Second,Stablize the feedback linearized and simedtasly
output decoupled system by designing a linear ctiaie PD
for each individual decoupled subsystem to contitod
angular position,velocty and accelration of eadhtjof this
robot for tracking purposes.

An extensive MATLAB simulation program was develdpe
and the obtained results in different simulatiom®ve the
efficiency of the proposed approach which allowsirughe
futur works to provide more rigorous analysis ofe th
performance of control systems, and also allows tais
nonlinear control laws that guarantee stabilityracking of
arbitrary trajectories,regulation , disturbancescépn, and so
forth.
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