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Abstract—This paper describes the modeling and
control of a PV Pumping System which comprises a PV
generator, a buck DC-DC converter and a DC motor-pump. By
using the state-space averaging method, the PV system model
possesses nonlinear behavior, highly dependent on operation
point and environmental variables which make it difficult to
control if we need to obtain maximum power. A simple robust
model predictive control (RMPC) using linear matrix inequality
(LMI) is proposed to regulate terminal voltage of photovoltaic
generator, always keeping the system to work at maximum
power. Simulation results are presented to verify the proposed
method.

Keywords—buck DC-DC converter, PV generator, DC motor
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I. INTRODUCTION

The solar energy is gaining increased importance as
renewable source and has assumed an increasing role in
modern electric power production technologies. One of the
most popular applications of the photovoltaic energy
utilization is the water pumping system for irrigation and
domestic water supplies in remote areas of developing
countries[1-2]. PV water pumping systems have the
advantages of: reliability, low maintenance, ease of
installation and the matching between the powers generated
and the water usage needs [3-4].

For a better optimization of the energy, PV water pumping
systems have to operate at their maximum power point
(MPP). This maximum power point varies largely in time
according to temperatures and irradiation levels; it is difficult
to maintain optimum matching at all set of climatic
conditions. In order to avoid the energy losses, a DC-DC
converter known as a maximum power point tracker (MPPT)
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is used to match continuously the output characteristics of a
photovoltaic generator to the input characteristics of a motor
pump [5-6].

In this paper, we present a PV water pumping systems
which includes photovoltaic array generator, DC/DC
converter and DC motor coupled to a centrifugal pump. A
robust predictive controller [7] based on linear matrix
inequalities (LMI) [8] is applied to keep the PV generator
voltage at a reference value taking into account uncertainty in
the PVG operation point.

The following sections will show the PV pumping system
modeling with the state-space averaging method and will
present the regulator design in details. Finally we will give
some simulation results to test the robustness of the proposed
control law.

Il. MODEL PUMPING SYSTEM

The block diagram of the analyzed photovoltaic system is
depicted in Fig 1. This system consists of PV generator, DC-
DC converter and a DC motor coupled to a centrifugal pump.
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Fig. 1 Configuration of the PV pumping system
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A. Photovoltaic Array Model

In order to appropriately represent the PVG, consider the
equivalent circuit, shown in Fig 2, where the photovoltaic cell
is represented by an electric current generator which is
equivalent to a current source parallel to a diode, ipn represent
the current (photo-current) generated by solar radiation (G),
Rsw and Rs are intrinsic shunt and series resistances of the
module, respectively. Note, Rsy is irradiation dependent and
Rs is constant.

RSH I PV RTH
AM—>—
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(a) (b)

Fig. 2 Equivalent electrical scheme of the PVG: (a) Detailed, (b) Thévenin.

Photovoltaic generators are neither constant voltage
sources nor current sources but in a real situation the array
will be forced to operate at the boundaries of the constant
current and constant voltage modes if a maximum power
tracker is employed [9]. Consequently, the PV array may be
represented by the simple Thévenin’s equivalent circuit of
Fig.3 with

R, ,=R+R, // R, )
Vig=l pv Rs )

It can be observed that the Thévenin equivalent circuit
parameters are both environmental variables and operating
point dependent.
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Fig. 3 Equivalent electrical scheme of the PV pumping system.

B. Buck Converter Average Model

Resultant average model of PV pumping system is shown
in Fig. 2, where vy, is the photovoltaic array voltage. This
voltage must be controlled in order to keep the array
operation at the maximum power point; the output voltage va
(DC motor voltage) is related to the photovoltaic array
voltage by (3):

v,=dv ®)

a pv
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Where d is the duty cycle of the switch St
0<d<1 (4)

The equations that describe the system can be described as
the following:

Lai‘a (t) = _Raia (t) - kba)(t) + va (t)d (t)
Jor(t) = ki, (t) — (ky + F)a(t) (5)
CV,, (1) = =d (1)i, (8) +V,p, (t)/ Reyy +Viy /Ry,
Where « and J are respectively the rotation speed and the
moment of inertia of the group, kp is the constant of the electric
couple, kt is the strength’s constant against electrometrical. Ra
and L. represent respectively the armature resistance and

inductance. F is the viscous friction coefficients of the DC
machine.

The expression (5) can be compacted in the following
manner,

X = f(x(t),u(t) (6)

The total instantaneous quantities can be presented as the sum
of the DC and AC components,

LO=LO+1,
w(t) = a(t) +Q

va (t) =~\7pv(t) +va (7)
dt)=d(t)+D

Substituting this into (5) a small-signal model can be derived
as follows:

L.i, (t) = R, () — k,@(t) + DT, (t) +V,,d (1
Jao(t) = k, i, (t) — (k; + F)a(t) (8)
CV,,(t) = —Di, ()~ 1,d (t) +V,, () /Ry,
linearized around an operating point given by
R.I, +k,Q=V,D
k.1, = (k; + F)Q )
DI, = (Vey +Viy)/ Ry

We also introduce an added state variable to account for
the integral of output regulation error. Let us define the new
state variable as:

Xe = Vet _va (10)

The augmented averaged model of the PV system can be
written as

%= AX + BT + f (x(t), u(t)) (11)

Where T is a Lipschitz non-linearity, given by :
f(x(t),u(t)) = f(x(),u(t)) - AX-BU (12)
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The nonlinear term is assumed to satisfy the Lipschitz
condition as:

|T(X0,t)= F(X, | <M|X, = X, (13)
R Dk 0 'V, ]
ia La La La T
D 1 a
v, -— 0 0 a
X=| ") A=l ¢ R C ’ B= _6
0]
X & 0 _kT+F 0
¢ J J 0
0 -1 0 0 L0

C. Uncertainty Model

We consider that the load Rty at the operating point is
uncertain or time-varying parameter. Then, matrices A and B
depend on such uncertain which have been grouped in a
vector p, and we can express (6) as a function of these
parameter

%= A(p)X + BT + T (x(t), u(t)) (14)

In a general case, the vector p consists of N uncertain
parameters p= (pi,...,pn), Where each uncertain parameter p;
is bounded between a minimum and a maximum
value p,and P,

p;i € l&' EJ (15)

The admissible values of vector p are constrained in an
hyperrectangle in the parameter space RN with L=2NVertices
{v1,..., v.}. The images of the matrix [A(p),B(p)] for each
vertex p, corresponds to a set {¢1,..., 1}. The components of

the set {c1,...,c1 }are the extrema of a convex polytope, noted
Co{¢1, ..., ci}, which contains the images for all admissible
values of p if the matrix [A(p), B(p)] depends linearly on p,
that is

[A (p). B(p)] € Colg,..nqy )
L L (16)
:{Z;”igi’ %4 =20, Zj'i }

In this context, we consider that N=2 and the parameter
vector p € [1/ Rru] where:

/Ry, €1/ Ry L Reyyin | 17)

TH max *

Since the PV system matrice A depend linearly on the
uncertain parameter 1/ Ryy , we can define a polytope of L=2
Vertices that contains all the possible values of the uncertain
matrices. The vertices of the polytopic model are:
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R Dk oy LR D ko
La La La La La La
_—9 ! 0 0 _—9 L 0 0
A=l C Ry.,C A= C Ry,.C
ky 0 _kT+F 0 ki 0 k; +F 0
J J J J
[0 -1 0 | Lo -1 0 0
B,=B,=B

At maximum power transfer, the PV generator can be
replaced by a voltage or a current source possessing high
dynamic resistance in the former case and low dynamic
resistance in the latter. In order to define range of changes for
dynamic resistance, refer to PVG equivalent circuit of Fig. 3.
At open circuit condition, Rois low, dominating the parallel
connection with Rsu [10,11]. Thus we have:

Ryl . = Rs +R; (18)
bounded by
Ry ‘Oc >Ry min =Rs (19)

At short circuit and the reference condition, Ro is high, and
Rsw dominates the parallel connection. Thus we have:

Rrl,, = Rs + Ray (20)
Note that Rsis constant and Rsy is irradiation dependent [12]

Re, G
- = (21)
RSH,ref G

ref

Rsh,ref IS shunt resistance at STC (stands for Standard Test
Conditions of 1 sun irradiation and 25°C PVG temperature).
Finally as an approximation,

Ry, |sc <Rrymx = Rsse (22)

I11. ROBUST MODEL-BASED PREDICTIVE CONTROL USING LMISs

Consider the infinite horizon quadratic performance index
as follows:

300 = x(k +i)T Qx(k +ik) + u(k + k)T Ru(k +i) 23)

i=0

where R(i), Q(i) are two positive definite states and control
weights respectively. Let us introduce a quadratic function
V(x)=x"Px, P>0 of the state x(k|k) of the system (14), with
V(0)=0. At sampling time k, suppose the following inequality
is satisfied

V (k+i+1K) -V (K +ik) = ~(x(k + k)T Qx(k +ifK)
+u(k +ifk)" Ru(k +ifk))

Summing (24) from i = 0to i = o, we have
x(oo\k)T Px(oo\k) - x(k\k)T Px(k\k) >-J (25)
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If the resulting closed-loop system for (14) is stable, x(oo|k)
must be zero and result in

3 < x(Kk)" Px(k|k) < » (26)

where vy is a positive scalar and is regarded as an upper bound
of the objective in (23)

3 x(k +ik)" Qx(k +i[k) +u(k +i[k) Ru(k +if) < » (27)
=0

Then, by substituting the state space equation (14) in the
robust stability constraint (24), one has

[Ax(k +ilKk) + Bu(k +ifk) + T (x(k +ifk), u(k +ik)] P

[ k-l + Butk k) + T (x(k+ik), uCk +i0)] g,
—x(k+K)T Pk +iK) + x(k + k)T Qx(k +ilk)
Fuk+ilk)TRu(k +ilk) <0

Suppose the terms involving of T in this inequality satisfy
the following condition:

2[Ax(k +ik) + Buk-+ilk)] P[F (xe(k +ifk), ugk +ilk)]
H[Foxk+ik),ugk +ik)] PLFx(k +ilK), uk +ik)] 29
< ux(k +ilk) "W TWx (k + k)

where u=Amax(P) and W is the corresponding matrix of the
quadratic bound which will be determined later in the next
section. By replacing the condition (29) in the inequality (28),
the following condition holds for all i > 0.

[Ax(k +ilk) + Bu(k +ik) ] P[Ax(k +i[k) + Bu(k +i[k)]
= x(k+iK)T Px(k-+ifk)+ x(k + 1K) Qx(k +ilk) (30)
+u(k+ilk)" Ru(k +ifk) + zax(k +ik) W Wx(k +i[k) <0

the inequality can be expressed as:

P—(A +BK) P(A +BK)-Q - K'RK — /W™W >0 (31)

Define P=yG?'; K=yP?! and a=p?'y and using Schur
complement lemma twice, we have

G (AG+BY)” WG)' (QuG) (R'Y)']
AG+BY G 0 0 0

WG 0 al 0 0 [2032
Q"G 0 0 7 0
| RYY 0 0 A

For robust constrained infinite horizon MPC, we

incorporate both input constraint into the optimization
problem. Then, the receding horizon state feedback gain K,
which at the sampling time k minimizes the upper bound
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V(x(k|k)) on J(k) and satisfies the specified input constraint, is
given by K=y P, where G>0 and Y are the solutions to the
following LMls:

Gnglga y Subjecte to

I x(kk)"
>0
x(kk) G
6 (AG+BY) Wo) (Q=e) (R
AG +BY G 0 0 0 (33)
WG 0 al 0 0 |20
Ql/ZG 0 7' 0
| R"Y 0 0 A
[2
Ul Y,
LY G
G-al >0

IV. SIMULATIONS AND RESULTS

The performances of the proposed control design are
illustrated through simulations. The numerical parameter
values used are given by:

e PV generator: Rsy =13.5620Q, Rs = 0.2670 Q,

Ipv=19.2000A, V1= 260.3904 V, Rty= 13.8290 Q.

« Capacitor: C=4000.10F.

e« The permanent magnet DC motor-pump is
characterized by a nominal operating point: U,=24V
and 1,=12A, W,=3000 round/mn (rpm) and a power
Pn=0.3hp.

o The identified parameters of DC motor are in USI:
Ra=1.072, L,=0.05, J=476.10-6, F=88.105, kr=14.10"%,
kp=45.10"3.

Fig 4 shows the transient simulation of the PV pumping
system under the dynamic resistance perturbations. The
waveforms depicted in the Fig 4 are the duty-cycle d, PV
voltage vpy, PV power and motor speed . We can notice that
the PV voltage settle to their desired value in 0.1 seconds, the
duty-cycle saturates at 45%. These simulation results show
that the control law RMPC is able to stabilize the system on
the desired PV generator voltage in presence of dynamic
resistance perturbations. The overshoots and long settling
time seen in PV system responses are the result of more
aggressive move in the manipulated variable.
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Fig. 4 the transient simulation of the PV system

V. CONCLUSIONS

This work has presented a robust predictive controller
design framework based on LMIs for a photovoltaic pumping
system. At first the non linear state space averaging model is
generated and linearized around equilibrium point, this model
take into account parametric uncertainty by means of a
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polytopic representation. Then, the state feedback control law
is obtained by minimizing the upper bound of the infinite
horizon cost function at each time instant. The stability
condition of the closed-loop system is guaranteed over the
whole uncertainty domain in the sense of Lyapunov. Finally,
the obtained LMI-based RMPC controller has been applied to
regulate the PV generator voltage in presence of dynamic
resistance changes.

Simulation results show the efficiency and the robustness
of the proposed approach. The RMPC algorithm of the PV
pumping system is currently under experimental stage and in
near future we will publish the first results if they are
satisfactory.
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